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Abstract 
We analyze convexity preserving properties of curves from a geometric point of view. We also characterize totally 
positive systems of functions in terms of geometric onvexity preserving properties of the rational curves. Rational B6zier 
and nonuniform rational B-spline curves are included in this setting. 
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1. Introduction 
For design purposes, curves are generated by a control polygon in such a way that the shape of 
the curve resembles the shape of the control polygon. The usual design tools preserve convexity, 
that is, if the control polygon is convex then the curve is also convex. 
B6zier and B-splines curves are typical examples of convexity preserving representations. In gen- 
eral, curves are generally obtained from a system of blending functions, that is, nonnegative functions 
which add up to 1. Some recent papers [3, 4] have been devoted to the question of characterizing 
convexity preserving systems of functions. 
In [3], it was analyzed under which conditions a system preserves convexity properties from a 
functional point of view. Some generalizations of convexity were also studied. However, the geo- 
metric meaning of this kind of properties i  restricted to control polygons with equidistant abscissae. 
In [4], convexity preserving properties were studied extending the field of application to control 
polygons with nonequidistant but fixed abscissae. Now we study again convexity and generalized 
convexity from a geometric framework and extend this analysis to rational curves. 
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On the other hand, some papers [10, 12, 5, 8] of the literature on Computer Aided Geometric 
Design show how the totally positive systems of blending functions enjoy many shape preserving 
properties. This fact is essentially due to the variation diminishing property of totally positive systems 
(see [9, pp. 21, 38; 10, 7, 5]) which can be geometrically interpreted in the following way: for any 
given hyperplane H (a line in the 2-dimensional case) the curve crosses H no more often than the 
control polygon. However, it was not clear which collection of shape preserving properties must be 
imposed to ensure that the system is totally positive. 
The shape preserving properties of totally positive systems are also enjoyed by all rational curves 
generated by any positive weights. In fact, Corollary 4.9 will show how totally positive systems can 
be characterized in terms of generalized convexity properties of all rational curves obtained with any 
positive weights. Thus, we have obtained a shape preserving property which implies total positivity 
and so it implies all other shape preserving properties mentioned in [10, 12, 5, 8]. 
The layout of this paper is as follows: In Section 2, we analyze monotonicity preserving repre- 
sentations, including the rational case. In Section 3, geometrically convexity preserving systems are 
introduced. In the case of smooth functions they are characterized in terms of monotonicity of ratio- 
nal curves. A characterization i  the nonsmooth case is also provided. In Section 4, totally positive 
systems of functions are characterized in terms of geometrical convexity preserving properties of the 
rational curves. Finally, it is shown that the rational Brzier and nonuniform rational B-spline curves 
satisfy the generalized geometrical convexity properties described in this paper. 
2. Monotonicity preserving and TP2 systems 
In this section, we shall deal with monotonicity preserving properties. In [8], monotonicity pre- 
serving systems were studied. Here, we shall give new characterizations of such systems. 
Definition 2.1. A system of functions (u0,..,,un) is monotonicity preserving if for any ~o~<~1 
~<... ~< 0~n in R, the function ~i~=0 ~u~ is increasing. A system (u0,..., u,) is strictly monotonicity 
preserving if it is monotonicity preserving and for any ~0 < ~1 <""  < ~,  the function ~i"=o ~ui is 
strictly increasing. 
Given a system of functions (u0 .. . .  , u,) defined on a compact interval I, and points Po,""" ,P, E R s, 
n U a curve ? is defined by 7(0 = ~i=0 i(t)Pi. 
The points are called control points of 7, and the polygon Po""  Pn is called control polygon of 7. 
Let us project the control points and the curve onto a line I = {Q + ~v[ ~ E ~}; let/5i = Q + ~v 
be the projection of Pi, i : 0,.. .  ,n, and ~(t) = Q + ~(t)v the projection of 7(t) onto l. 
If  (uo,... ,u,) is a monotonicity preserving system, then the following property holds: the projected 
points ~(t) are ordered, i.e. ~(t) is an increasing function, provided that the projected points/~0,... ,/~, 
are ordered, i.e. ~o ~<~l ~<"" ~<~,. 
Analogously, if (Uo .. . .  , u,) is strictly monotonicity preserving, then ~o < ~1 <""  < ~n implies that 
0~(t) is strictly increasing. 
Lemma 2.2. (u0 . . . . .  u,) is strictly monotonicity preserving if and only/f(u0,..., u,) is monotonicity 
preserving and there exist go <~1 <"" <~, in •, such that ~i"=o ~ ui is a strictly increasing function. 
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• , n -U  Proof. It is sufficient to see that if (u0,.. u,) is monotonicity preserving and ~=0 ~ i is strictly 
increasing for some ~o < ~1 < "'" < ~n in R, then ~i~o ~u~ is also strictly increasing function for 
any ~0 < ~1 < " "" < CZn in R. 
Since (1, 1,. . . ,  1) is an increasing and decreasing sequence, ~ino u~ is a constant k. Let 
V i :~-~ 
j=i 
The functions 
Let 
(Xi - -  0~i-- 1 
m := min 
l<~i<~n ~i -- ~i--1 
Then the function 
O~iUi = CXok ~- Z (O~i -- ~i--1)Vi 
i=0 i=1 
// n 
= %k + my~ (Si - ~i-1 )vi + ~_, ((~i - ~i-1 ) - m(Si - ~i-1 ))vi 
i=1 i=1 
n n 
= (% - m~o)k + m~-~ ~iui + ~ ((o~i - cti_, ) - m(Si - 8i-1 ))vi. 
i=0 i=l 
is strictly increasing because is a sum of  increasing functions and a strictly increasing function. [] 
uj, i = O,.. . ,n. (2.1) 
vi are increasing, because the sequence of coefficients (0,..., 0, 1,..., 1) are increasing. 
> 0. (2.2) 
n A nonnegative system of  functions U i ~ 0,  i = 0, . . . ,  n, such that ~i=0 ui --- 1, is called a blend- 
ing system. In [8, Proposition 4.1], blending monotonicity preserving systems of functions were 
characterized. Now, we give a generalization of  that result. 
Proposition 2.3. Let (u0, . . . ,u , )  be a system o f  functions and let vi be the functions defined in 
(2.1). Then: 
(i) (u0 . . . . .  Un) is monotonicity preserving i f  and only i f  Vo is a constant function and vl . . . . .  vn 
are increasing functions. 
(ii) (u0 . . . . .  Un) is strictly monotonicity preserving i f  and only i f  Vo is a constant function, vl . . . . .  Vn 
are increasing and ~i~=l vi is a strictly increasing function. 
Proof. (i) Let us assume that (Uo,. . . ,u,)  is monotonicity preserving. Since the sequence of co- 
n efficients (1, . . . ,  1) is increasing and decreasing, v0 = ~i=0 ui is a constant function. Taking into 
account that the sequences of  coefficients (0, . . . ,  0, 1, . . . ,  1) are increasing, we derive that the func- 
tions vi = ~=i  u:, i = 1 . . . . .  n, are increasing. Conversely, let ~0 . . . . .  an be any increasing sequence. 
From ~i"--0 0~iui = %v0 + ~in l (~ i -  ~i--1)Vi, we obtain that ~i"=o ~iUi is a increasing function because 
is a sum of a constant function and increasing functions. 
(ii) It follows from (i), Lemma 2.2 and the fact that the sequence (0 ,1 , . . . ,n )  is strictly 
increasing. [] 
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We shall characterize systems of functions generating rational curves with monotonicity preserving 
properties. 
Given a system of functions (uo, . . . , u,) and given positive weights ~0,. . . , w, we may define for 
any control polygon PO . . -P,, the corresponding rational curve 
The rational curve can be seen as a curve generated by the blending system 
(2.3) 
and the control points PO,. . . , P,,. In order to generate rational curves, we shall require that Cy=, wiui 
does not vanish at any point t E I. For the same purposes, we also want that (2.3) is a blending 
system, so that we need that ui 2 0, i = 0, . . . , n, and Et, WiUi >O. 
The next result shows that, if we may define a rational curve for a given sequence of positive 
weights, then we may also define rational curves for any other sequence of positive weights. It will 
be implicitly used in the rest of the paper. 
Proposition 2.4. Let (uo, . . . , u,) be a system of nonnegative functions. Then, there exist Go,. . . , W, 
>O such that Gyro Giui >0 if and only if cbo wiui >O for all ~0,. . . , w,, >O. 
Proof. Let m = min {wi/Wi 1 i = 0,. . . , n} >O, then 
q 
Now, we are going to characterize certain systems of functions which generate rational curves 
preserving the monotonicity properties of the control polygon for any choice of weights. In order to 
state the result, we have to recall some definitions. 
Definition 2.5. Given a system (uo, . . . ,u,) of functions defined on TG[W and to<tl<.--<tm in T, 
the collocation matrix of uo, . . . , u, at to -c. . . <t,,, is the matrix 
M (Ti::.+::z) := (u~(ti))i=o,...,m;~=o,...,n, a<to<tl<.e.<t,,,<b. (2.4) 
The system (uo, . . ..u.)iscalledTP,, 1~r~n+1,ifallkxkminors,k=1,...,rofanycollocation 
matrix of ~0,. . , u, are nonnegative. If (~0, . . . , u,) is TP,+i, then it is called a totaZZy positive (TP) 
system. Let us observe that the collocation matrices of a TP system are totally positive (TP) matri- 
ces, which means that all the minors are nonnegative. The system (uo,. . . , u,) is called Tchebychefl 
(resp., weak Tchebychefl) if all its square collocation matrices have positive (resp., nonnegative) de- 
terminant. Finally, ( uo, . . . , u,) is called complete Tchebychefl (resp., complete weak Tchebychefl) if
(uo, * - *, uk) is Tchebycheff (resp., weak Tchebycheff) for all k = 0,. . . , n. A space with a Tchebycheff 
(resp., complete Tchebycheff) basis is called a Tchebychefl (resp., complete Tchebychefl) space. 
Let us introduce some notations which will be used in the following theorem. Given k,n E 
N,k<n, we define e~n:={(CI1,...,ak)l~iE~,l~al < .a.< &<n} and for a,fiE&, A[c#] is 
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by definition the k × k submatrix of A containing rows numbered by ~ and columns numbered 
by ft. 
Theorem 2.6. Let (Uo,...,Un) be a system of nonneoative functions such that y]~"__0ui>0. Then 
(Uo,...,u,) is TP2 /f and only if for all Wo,... ,Wn>O, the system (2.3) is monotonicity preserving. 
Furthermore, if (Uo,...,Un) is TPz and for some choice of WO,...,Wn >0 and of ~o < "'" < ~,  
the function (~=0 ~iwiui)/(~7=o WiUi) is strictly increasing, then all the systems (2.3) are strictly 
monotonicity preservin9 for all Wo . . . . .  w, >0. 
Proof. Let us assume that (Uo,...,u,) is TP2. Let us observe that 
min WiUi ~ WiY~ Ui > 0 O <<.i <~n 
i=0 i=0 
for all w0, . . . ,w,>0.  So, we may define the system (2.3) which is clearly TP2 and blending. Let 
E,"=j w,u, 
j = 0,. . . ,n.  (2.5) ~j  " - -  ?1 ' 
~--~ i=0 WiUi 
?1 II Since (Vo,..., v,) = (WoUo/~i=o wiui,...,w,u~/~i= o wiui)E, where E is the TP-matrix, 
1 0 . . .  0 \  
) : " . .  " . .  : E:= 1 ... 1 0 ' 
1 . . .  1 1 
we deduce that (Vo,..., On) is TP2. Let us observe that v0 -- 1. Since 
1 vi(t) 
0<<. 1 vi(s) = v i (s) -  vi(t) 
for all t<.s, the functions v; are increasing. By Proposition 2.3(i), the system (2.3) is monotonieity 
preserving. 
Conversely, let us assume that (2.3) is monotonicity preserving for any choice of Wo,...,w,. 
Taking j>k,  wk= 1, wy = e>0 and wi=e 2, for all i q~ {j ,k} and using Proposition 2.3(i) we obtain 
that the functions (euy + 8z~i>j ui)/(u k At- 13Uj "-~ 132Ei(i{j,k}Ui) are increasing for any j>k .  Therefore, 
] (uk +~uj + 2 S.i~j,k) uD(t) (euj + e2E~>j, uD(t) >>.0 
(uk + euj + e2~j ,k~ ui)(s) (euj + ~2~>:, ui)(s) 
for all t<s and for all e>0. Taking limit as e tends to zero in 
](uk + euj + e2~i~:,k ~ uD(t) (uj + e~e>j u~)(t) 
1>0, 2 (uk + eu: + ~ ~j ,k~ uD(s) (u: + e~,i>: uD(s) 
it follows that 
detM (uk'uJ '~>O 
t,s / 
for all k < j , t  <s,  that is, (u0,. . . ,u,)  is TP2. 
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Let (Uo,...,Un) be a TP2 system such that for some ~0, . - . ,~n>0 and ~o<~ < "'" < ~. the 
function (ET=o~iWiUi)/(ZinowiUi) s strictly increasing. Since (Uo,...,Un) is TP2, we have already 
proved that all the systems (2.3) are monotonicity preserving. 
Let t < s. Then 
( ) ( i  OWO0~O ) ( n -u  ) M UO,...,Un : = M ~i=0Wi i,~n=o~i~iui 
t, S t, S 
n Wn O~n 
By the Cauchy-Binet formula, 
det M ( ~i"=° ~iui' ~i"=° ~i~iui s 
= ~ detM [1,2lfl] detM " [//11,21, (2.6) 
where / / c  Qz, n+l. By hypothesis, the left-hand side of (2.6) is strictly positive. Taking into account 
that 
detM (U°"" 'u" )  s 
is nonnegative and w0.) 
detM " [//11,2] 
n Wn~n 
is strictly positive for any / /E  P2,n+l, we deduce that there exists/~ E Q2,,+1 such that 
detM(U° ' " "u" )  [ l '21~]t ,  s 
is strictly positive. Applying the Cauchy-Binet formula to 
( ) / i  0 W0~0~ (Ei=oWiUi,~i=OWiO~iuiln n M Uo,. • •, Un " = M 
t, S t, S ' 
n Wn ~n 
we derive that 
det M ( ~n°  w~u~' °  w~iu~ ) s 
and so, the functions (~7=o ~iwiui)/(~i"--oWiUi) are strictly increasing for all Wo,... ,w,>0 and ~o < 
• "" < ~n. The system (2.3) is strictly monotonicity preserving for all Wo,... w,. [] 
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3. Geometrically convexity preserving systems 
Let (u0,..., u,) be a strictly monotonicity preserving system defined on a compact interval I and let 
7(t) = ~i~=o u~(t)Pi, t E 1, be the curve with control polygon P0""  P,, where Pi c R s, i = 0 .... , n. 
Let us assume that the projection of the control polygon onto a line is an ordered sequence of 
different points. Let us assume further that there exists a plane containing that line and a projection 
of Ns onto the plane such that the projected points form a convex polygon. This is equivalent o 
saying that there exists a linear mapping h : ~' --+ R 2 such that 
371 - -  370 X2 - -  371 3~n - -  3~n--1 ' 
where (2i, fii) := h(Pi), i = O,.. . ,n. Let (x ( t ) ,y ( t ) )  := h(7(t)). Since (Uo,. . . ,u,)  is strictly mono- 
tonicity preserving, we know that x(t)  is a strictly increasing function. So, we may define y o x -1 : 
x( I )  ---+ R. Clearly, h(2(t)) is a convex curve if and only if y o x -1 is a convex function. We are 
going to define convexity preserving systems as the systems which transform polygons into curves, 
so that, if the projection of the polygon is convex, then the projected curve is also convex. 
Definition 3.1. A strictly monotonicity preserving system (u0,...,Un) is called geometrically con- 
vexity preserving (resp., geometrically strictly convexity preserving) if for any ~0 < "'" < ~n and 
c0,...,cn E ~ such that, for i = 1 , . . . ,n -  1, 
ci+l - ci ci - ci-1 >>.0 (resp.,>0) (3.1) 
0{i+1 - -  ~ i  ~ i  - -  0{i--1 
then the function c o ~-1 is convex (resp., strictly convex), where c( t )= ~i~=oCiUi(t) and ~(t) = 
~i~=o~iUi(t). Let us recall (cf. [13, p. 280; 4]) that, given a strictly increasing function ~(t), a 
function c(t) is said to be convex with respect to 1,~(t) if (1,~(t) ,c( t ) )  is a weak Tchebycheff 
system. 
For a given strictly increasing function ~(t), the function c o ~-1 is convex if and only if the 
determinant of the matrix 
1 ~o c(~-l(~o)) ~
1 ~1 C(0~--1(¢1)) ] 
1 ~2 c(c~-1(~2)) ,] 
is nonnegative for any ~0<~l<~2. Taking ti __~-1(~.), we obtain that the determinants of the matrices 
1  (t0) c(t0) 
1 O~(tl) c(tl) / 
1 ~(t2) c(t2) ] 
are nonnegative for all to<t1 <t2. This means that c o ~-1 is convex if and only if c is convex with 
respect o 1,~. 
Let us deal now with the problem of characterizing convexity preserving systems. For simplicity, 
we consider first the case of smooth functions. 
Proposition 3.2. Let (u0,. . . ,u,)  be a monotonicity preservin9 system of  differentiable functions 
n defined on an interval I. Let us assume that there exist ~o < "'" < ~n such that ~i=0 ~iu~(t)> 0 
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for all t El .  Then (Uo,..., u/1) is geometrically convexity preserving (resp., geometrically strictly 
convexity preserving) if  and only i f  for each So <. . .  < ~/1 and Co,... ,c/1 E R satisfying (3.1), the 
function (~i":-o ciu~( t) )/(~i"--o eiu~( t ) ) is increasing (resp., strictly increasing). 
Proof. Let 07(t):= ~i"--o ~iui(t) and vi as in (2.1). For any ~0 <""  < e/l, let e ( t ) :=  Ein=o o~iui(t), and 
let m be defined by (2.2). Then we may write 
/1 n 
O~t(t) : ~ (0~ i -- O~i_ 1 )v~(t) ~ m~-~ (~i -- ~i-1 )v~(t) = m~'(t) > O. 
i=l i=1 
Now, it is sufficient o show that for any differentiable functions ~ and c such that 0((t)> 0 for 
all t E/, then c o ~-1 is convex (resp., strictly convex) if and only if c'(t)/c~'(t) is increasing (resp., 
strictly increasing). But this property follows immediately from the fact that 
(CO 0~--1)I(~) -- Ct(~--l(~)) [] 
~t(O~--I (~))" 
Proposition 3.3. Let (u0,...,u/1) be a monotonicity preserving system of  differentiable functions 
defined on an interval I. Let us assume that there exist ~o < . . .  < ~/1 such that ~=0/1 ~;u;(t)>0- ' for  
n all t E I. Let Vy := ~i=j u~, j =- 1,. . . ,  n. I f  the system 
( WlV'I W/1Vtn 
-~--- , , . . . ,  x_,r-wv, i (3.2) 
~k E i=o WiVi Z...vi=0 i i /  
is monotonicity preserving (resp., strictly monotonicity preserving) for every Wo,..., w/1 > O, then 
(Uo . . . . .  u/1) is geometrically convexity preserving (resp., geometrically strictly convexity preserving). 
Proof. Let s0< ...<~/1 and Co,...,c/1 satisfying (3.1). Let Wi ::O~ i -- O~i_ 1 >0,  di :=(ci - ci-1)/(o~i - 
~i-1 ), i = 1 . . . . .  n, and so dl < . . .  < d/1. Since (3.2) is monotonicity preserving (resp., strictly mono- 
tonicity preserving), then (~=1 diwiv~(t))/(~i"--1 wive(t)) is an increasing (resp., strictly increasing) 
function. 
Taking into account hat 
/1 / /1 /1 }-'~4:0 CiUi(t) }"]4=1 (Ci -- C,-1 )V~(t) ~-~4=, diwiv~(t) 
/1 ! /1 ~i=00~iui(t) ~i : l  (C~i -- ~i--1 )v;(t) }--~4:1/1 WiVi(t)' 
we derive from Proposition 3.2 that (u0,...,u/l) is geometrically convexity preserving (resp., geo- 
metrically strictly convexity preserving). [] 
The following corollary is a consequence of Theorem 2.6 and Proposition 3.3. 
Corollary 3.4. Let (Uo,..., u,) be a blending monotonicity preserving system of  differentiablefunc- 
I ,  /1 I n l ! tions defined on an interval 1. rf (~i=z iui)' > 0 and the system of  functions (~7=z ui, Y~-/=2 Ui ' ' ' ' '  Un) 
is TP2, then (Uo . . . .  ,u/1) is geometrically convexity preserving. 
Now, we are going to characterize geometrically convexity preserving systems, even for nonsmooth 
functions. 
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Theorem 3.5. Let (u0,...,un) be a blendin9 strictly monotonicity preservin9 system and vy := 
~i~=j ui, j = 1,.. . ,  n. Then (Uo,..., Un) is 9eometrically convexity preservin9 if and only if (1, vi, vj) 
is a weak Tchebycheff system for all i < j. 
Proof. Let us assume that (1,vi, vj) is a weak Tchebycheff system for all i < j .  In order to prove 
that (Uo,... ,un) is geometrically convexity preserving, it is sufficient o show that, for any ~0,..., ten, 
Co . . . . .  cn satisfying (3.1) the function c(t) := ~in o C~ug(t) is convex with respect o 1, ~(t), where 
~(t) := ~"--o ~ug(t), that is, (1,~(t),c(t)) is weak Tchebycheff. Let to < tl < t2. Then we may write 
(1  io )  . . . . .  
M t0 , t l , t2  \ to, t l , t2 1 ~n n 
= M [" Vo, . . . , Vn " ~ 0 ~1 - 0~0 Cl - Co 
~ tl,t2 / . . . .  
0 (Zn -- an--1 Cn -- On--1 
Applying now Cauchy-Binet formula, (3.1) and the fact that (Vo, vi, v j) = (1, vi, vy) is weak Tcheby- 
cheff, we derive that 
detM ( 1,a,c 
to, t l , t2  ] >10 
and so (1,~(t),c(t)) is weak Tchebycheff. 
Conversely, let us assume that (Uo,..., un) is geometrically convexity preserving. Let 0 < i < j ~< n
and D ---- (dlm)l=l,...,n;m=l,2, with 
1 i f l= iandm=l ,  
dtm= 1 i f l= j  andre=2,  
0 otherwise. 
a p On the other hand, by [1, Theorem 2.7], there exists a sequence Ap ---- ( tm)l<l,m<n, P = 1,2. . . ,  of 
STP-matrices uch that (Ap) converge to the identity matrix. Then we may write 
1 0 - . -  0 (l / 
(vo , . . . , v , )  0 =(uo  . . . . .  u , )  " • " 
" ApD 1 ~tP n c p ]  
o 
p k p k p where ~k :-- ~t=l a~, c k := ~l=1 alj, c p := 0, ~P := 0. It can be easily checked that 0 = ~P < 
~1 p <- . .  < ~P, and cP, . . . ,c  p satisfy (3.1). Since (Uo,...,un) is geometrically convexity preserving, 
(1, ~k= ° p n p n ~k Uk, Y]~k=O Ck U~) is weak Tchebycheff. Let us observe that l imp~ ApD = D and therefore 
ui(t) = limp__+~ E~=oaPuk(t), ufit) = limp_.o~ E~=ocPuk(t), which implies that (1,u~,uj) is weak 
Tchebycheff. [] 
The problem of characterizing when a given system (u0,..., un) allows us to define rational curves 
which preserve the convexity properties of the control polygon for any choice of the weights, is 
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closely related with the fact that the system (u0,... ,Un) is TP3. In the next section we shall analyze 
this problem from a more general point of view. 
4. High-order geometrically convexity preserving systems 
High-order convexity preserving is related with the way in which a given curve V : [a, b] ~ ~k is 
embedded into R k, assuming that an orientation is provided. 
If (?'(t), ?"(t),. . . ,  7(k-l~(t)) are linearly independent, an osculating hyperplane and a Frenet frame 
can be defined. When (?'(t),7"(t) . . . . .  ?(~(t)) is a basis of Ek, the orientation of (~/(t), 7"(t),... ,  7 (k) 
(t)) can be compared with the orientation of the Frenet frame, which can be expressed in terms 
of the sign of the curvature. Then the curve is geometrically k-convex if the sign of curvature is 
always nonnegative. If 7(t) = (Xl(t),... ,xk(t)) T, the sign of the curvature is given by the sign of the 
determinant of the matrix 
/ 
x  i(t) . . .  
provided that the first (k -  1)-rows are linearly independent• This can be ensured if the projection of 
? onto a hyperplane has strictly positive curvature. This can be in turn be applied to the projected 
curve so that we obtain a chain of affine /-dimensional subspaces, l = 1,..., k - ], on which the 
projected curves have strictly positive curvature. Therefore, there exists an affine mapping .4 : R e 
~k so that (1,yl(t) . . .  ,yk(t)) T is weak Tchebycheff and also (1, yl(t), . . .  ,yt(t)) T is Tchebycheff or 
I = 1,. . . ,k - 1, where (yl(t) . . .  ,yk(t)) T := (A o 7)(t). 
These ideas can be generalized for nonsmooth functions. 
Definition 4.1. 7(t) : [a,b] ~ Ek is called geometrically k-convex (resp., strictly geometrically k- 
convex) if there exists an affine mapping A : Ek ~ E~ such that the system (1,yL(t) .. . .  yk(t)) T is 
weak Tchebycheff (resp., Tchebycheff) and, for all 1 = 1 , . . . , k -  1, the systems (1, y l (t) , . . . ,  yt(t)) T 
are Tchebycheff, where (yl(t) , . . . ,  yk(t)) T :--- (A o y)(t) 
Now we are going to define geometrically (strictly) k-convexity preserving systems in terms of 
geometrically strictly (k -  1 )-convexity preserving systems. Given (u0,..., un) a strict (k -  1 )-convexity 
preserving system, and P0,... ,Pn E EN, we may define ?(t)= ~i~=o ui(t)Pi. The desired property holds 
for (u0,..., u,) if the projection of the curve onto a k-dimensional subspace is geometrically k-convex, 
provided that the projected control polygon is also geometrically k-convex. 
Definition 4.2. Let ~0,. . . ,  ~k-lE ~n+l be a sequence of  vectors, with ~0 = (1 , . . . ,  1 )T  CX i = ((X0,..., (xn)T, 
i = 1, . . . ,  k - 1, such that all minors with initial consecutive columns of  the (n + 1) × k matrix (l 0 0) 
• " " ~k- -1  
• : : (4.1) 
1 0~ " ' '  ~X~_ 1 
are strictly positive• Then the vector ~k = (~o . . . .  ,~)T  E ~n+l is said to be convex (resp., strictly 
convex) with respect to the vectors ~o, am,..., 0~k-1, if all (k + 1) × (k + 1 ) minors using consecutive 
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rows of the (n ÷ 1 ) × (k + 1) matrix 
1 o / 
• . . (Zk_  1 
1 ~ .. .  ~-1 ~/  
(4.2) 
are nonnegative (resp., positive). 
The next definition has a recursive character. For k ----- 2, it corresponds to the concept of geomet- 
rically convexity preserving systems given in Definition 3.1. 
Definition 4.3. A geometrically 1-convexity preservin 9 system (resp., 9eometrically strictly 1- 
convexity preservin9 system) means a monotonicity preserving system (resp., strictly monotonic- 
ity preserving system). For k >~2, we say that a geometrically strictly (k -  1)-convexity preserving 
system (Uo .... , u,) is qeometrically k-convexity preservin9 (resp., 9eometrically strictly k-convexity 
preservinq) if for any sequence of vectors ~0,~b.-.,~k E ~n+l, ~i = (~0 ... .  , Ct~') T, i = 0 , . . . ,k  such 
that ~k is convex (resp., strictly convex) with respect o ~0, ~ ... .  , ~k-l, where ~0 = (1,. . . ,  1)T, then 
the system 
1, CtilUi(t),..., ~_lu,(t),  ~ikui(t (4.3) 
i=0  i=0  "= 
is weak Tchebycheff (resp. Tchebycheff). 
Let us observe that, by definition, if a system is geometrically k-convexity preserving, it must be 
also geometrically strictly r-convexity preserving for all r < k. 
Remark 4.4. Let us remark that by Theorem 3.2 of [13, Ch. 2] if all minors of the matrix (4.1) using 
initial consecutive columns are positive, then the positivity (resp., nonnegativity) of all (k+ 1 )× (k+ 1 ) 
minors using consecutive rows of the matrix (4.2) is equivalent to the positivity (resp., nonnegativity) 
of all (k + 1) × (k + 1) minors of the matrix (4.2), even for nonconsecutive rows. 
In [3], the concept of (functional) k-convexity preserving systems was defined and characterized• 
Let us observe that a function f : [a,b] ~ ~ is k-convex if and only i f (1 , t , . . .  , f - l , f ( t ) )  is a weak 
Tchebycheff system, which implies that the curve 7(t) = ( t , . . - , t  k - l , f ( t ) )  r E ~k is geometrically 
k-convex. That means that geometrical and functional k-convexity preserving systems are closely 
related. 
The next theorem will provide a characterization of the geometrically k-convexity preserving 
systems of functions. 
Theorem 4.5. Let k be a positive inteqer, k <.n, and (u0,..., u,) be a system of nonneqative func- 
tions such that ~i~o ui > O. Then the followin9 properties are equivalent: 
(a) (Uo,...,un) is TPk+I and the system 
Zu i ,  iui,~-~ i i ui . . . . .  ui (4.4) 
i=0 i=1 i=2 2 k -  1 i=k--1 
is complete Tchebycheff 
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(b) For all w0 .. . .  ,w, >0,  the systems (2.3) are geometrically k-convexity preservin9. 
Furthermore, let us assume that (Uo,... ,u,) is TPk+I, that (4.4) is a complete Tchebycheff system 
and that the system 
- - i  - - i  
WiUi' Wi51Ui' " " " ' Z WiSkUi 
i=0 i=0 i=0 
is Tchebycheff for some choice of  ff~o,..., w, > 0 and 071,..., ~k E ~,+1 such that all minors with 
initial consecutive columns of  the (n + 1) × (k + 1) matrix (4.2) are strictly positive. Then all the 
systems (2.3) are 9eometrically strictly k-convexity preservin9 for all Wo,..., w, >0. 
Proof. Let us prove the whole theorem by induction on k. I f  k = 1, the result can be deduced from 
Theorem 2.6. 
Let us assume that the result holds for k -  1, and let us prove it for k. 
Let (Uo,...,u,) be a TPk+I system and (4.4) complete Tchebycheff. Then (Uo,...,u,) is TPk and 
Ui, iui, . . . , Ui (4 .5 )  
\ i=0  i=1 i=k-2 k - 2 
is a complete Tchebycheff system. So, from the induction hypothesis, we deduce that for all w0,.. . ,  
w, > 0, the systems (2.3) are geometrically (k -  1 )-convexity preserving. Now, let us choose ((:)(+) (:))T 
cTi = 0,. , , i 1 .. , . . . ,  , i=  1 , . . . , k -  1, (4.6) 
and ~i = 1 for all i = 0, . . . ,  n. Clearly, the matrix (4.1) in this case is the collocation matrix of the 
complete Tchebycheff system 
{(o) 
at 0 . . . .  , n and so, all the minors using initial columns are strictly positive. With the previous choice, 
the system (~i=0~iu i , . . . ,~ i=0 - -/ n n WiSk_ lU i )  coincides with the Tchebycheff system (4.4). By the in- 
duction hypothesis we obtain that all the systems (2.3) are geometrically strictly (k -  1)-convexity 
preserving. 
Let us see now that the systems (2.3) are geometrically k-convexity preserving. 
Given any Wo,...,w, > 0 and any 51,... ,5k E ~,+1 such that 5k is convex with respect to 50, 
51,... ,5k-1, 50 ----- (1, . . . ,  1) T, we may define the matrix 
I . . . .  
w. w.57 . . .  w.5 / 
Now we may write for all to < t~ < .. .  < tk 
M   =oWiS u, " ' 
to, ..,tk J \ to tl . . .  tk 
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and taking into account hat all (k + 1 ) x (k + 1 ) minors of A are nonnegative and 
M(uo, ' ' ' ,u . )  
to , .  • • ,  tk 
is a TP-matrix, we may deduce from the Cauchy-Binet formula that the determinant of the matrix 
M ~i~=o Wil"li, E i LO WiO~tl ui . . . .  , E i=0 Wi~kUi  
to ,  t l , .  • • ,  tk 
n W . is nonnegative. So, the system (~i=0 iui, ..,~7~i~=owi~ikUi) s weak Tchebycheff. Dividing by the 
positive function ~i~=o wiui, we obtain that 
n i n i E,=o w,<u,  ET=o 
1, Ei~= ° wiui, ' " "  Ei~=o wiui J 
and we have shown that each system (2.3) is geometrically k-convexity pre- is weak Tchebycheff 
serving. 
Conversely, let us 
convexity preserving. 
assume that for all wo .... ,w, > 0 the systems (2.3) are geometrically k- 
Then they are geometrically strictly (k -  1)-convexity preserving. So, by the 
induction hypothesis (4.5) is complete Tchebycheff and (Uo,...,u,) is TP~. Now, let us see that 
(Uo . . . . .  u,) is TPk+I. Let 0~<i0 <. . -<  ik ~<n. By [1, Theorem 2.7] there exists a sequence of STP- 
matrices Ap --- (a~m)O<. t,m<<.,, P = 1,2,.. . ,  converging to the identity matrix. Let D---- (dlm)l=O,.. .,n ;m=0, . . . , k ,  
with 
1 if 1 = ira, 
dlm = 0 otherwise. 
Let Cp = ApD, that is, (p aP) 
aoio 
Cp ~- " " . 
\aL  . . .  P 
anik 
Therefore limp__.~ Cp = lime~oo ApD = D. 
Since aPo > 0 for all l E 0,..., n, the system 
( aP°u° aP.oUn 
ET=0 aloU, . . . .  ' Ei=o aPo u, ) 
is k-convexity preserving. Now, choosing 
\40  ..... 40)  ' j - -0 , . . . ,e ,  
and taking into account that Cp is an STP-matrix, we obtain that ~k is convex with respect to 
Cto, ~1,..., ~k-1. Hence, the system 
El=o ali, ul ~7=o a~ik Ul 
l~ ~"~n p ~ ' ' '~  
2-,l=O alioul ET=o aPoul 
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is weak Tchebycheff. So the system (~-~7=o a~ioUt, )-~7=0 a~ilu,,..., ~--~7=0 a~ikut) is weak Tchebycheff and 
det M ( Ent=° a~°u'' "" " ' ET=° a~iku' ) t o , . . . ,  tk >~ 0 
for any to < "-- < tk and for all positive integers p. Finally, 
( ( ) detM to, ,tk =det  l imp_~M Uo,. . . ,u,~ Cp to, ..,tk ) 
=limp--'~(detM(~=°a~i°u"'"'~=°a~ul))to , . . . ,  tk >>.0. (4.7) 
Since (u0 .. . . .  Un) is TPk, we obtain from (4.7) that (Uo . . . . .  Un) is also TPk+I. Let us prove now 
that (4.4) is complete Tchebycheff. Since (4.5) is complete Tchebycheff, it only remains to see that 
(4.4) is Tchebycheff. Taking ~ as in (4.6), we know that c~k-1 is strictly convex with respect o 
~o . . . . .  ~k-2 (~o = (1,... ,  1)T). Since (2.3) (with wi---- 1) is strictly (k -  1)-convexity preserving, we 
obtain that (4.4) is Tchebycheff. 
Finally, let us assume that (Uo,.. . ,u,) is TPk+I, that (4.4) is complete Tchebycheff and that the 
system 
-- - i  WiUi, Wi(XlUi,..., Wi ~ U i 
i=0  i=0  i=0  / 
is Tchebycheff or some choice of ~o,-. . ,~n > 0 and ~1, . . . ,~ E ~,+1 such that all minors with 
initial consecutive columns of the (n + 1 ) × (k + 1 ) matrix (4.2) are strictly positive. Let us see that 
all the systems (2.3) are geometrically strictly k-convexity preserving for all Wo,..., w~ > 0. We have 
already seen at the beginning of the proof, using that (4.5) is a complete Tchebycheff system, that 
if (Uo,... ,u~) is TPk then all systems (2.3) are geometrically strictly (k -  1)-convexity preserving. 
Then, by Cauchy-Binet formula, 
n - n - - i  - - "  x 
0 < detM ( ~/=0 wiui, Ei=oWi~lui,..., ~7=0 wict'kui ) \ to, tl,. •., tk 
~cQk+l,,+l \ to,..., tk 
n 
• - 
• .. ~ ,~ 
[f i l l , . . . ,k + 1]. (4.8) 
Since (u0,..., Un) is TPk+I and the vector ~k is strictly convex with respect o the vectors (1,.. . ,  1)T, 
C~l,...,~k-1, we deduce from (4.8) that there exists fl C Qk+l,,+l such that 
(uo,...,u,) [1 . , k+ 11 1 > detM 0. 
\ to, ,tk "" 
Now, for all Wo,... ,Wn > 0 and for all ~o .... , ~k E ~n+l such that ~k is strictly convex with respect 
to ~0 . . . . .  ~k-1, ~o := (1,... ,  1) T, we may apply Cauchy-Binet formula to 
M (Ei=oWiUi,...,~7=oWiO~zkUi~ ~_M (Uo,. . . ,Un) . 
to , . . , tk  J \ to, . . . , tk ~ . . .  w ,~ / 
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and obtain that 
( n n ~ n ~ ) 
detM ~i=o WiUi' ~i=o Wi(Zl Ui'' " " ' ~-]~i=o Wi~kUi > O. 
to, t l, • • •, tk 
Therefore, the system (Ein0 WiU~, ~ino Wi~]U~ . . . . .  ~7=0 Wi~U~) is Tchebycheff, that is, 
ET=oWi~Ui n i 
1, ~i=0 WiUi ~i=0 WiUi ,] 
is Tchebycheff. Thus, all systems (2.3) are geometrically strictly k-convexity preserving and the 
result follows. [] 
Now we shall derive some important consequences of the previous theorem. 
Corol lary 4.6. Let (Uo,..., u,) be a system of  nonnegative functions such that ~n o Ui > 0 and 
(E~=I iui) / (Ei~=o u~) is a strictly increasing function. Then (Uo,..., Un) is TP3 tf and only i f  for all 
Wo,...,w, > 0 all systems (2.3) are geometrically convexity preserving. 
If, in addition, for some choice of  Wo,...,wn > 0 and ~ = (~O,...,~n) E R n+l, o70 < "'" < 
~,  c = (5o,...,5~) E R "+l, such that 5 is strictly convex with respect to 1,~ and the function 
(Eino Ci]~iUi) / (~ino l~iUi) is strictly convex with respect to 1 and (~7=o ~iwiui) /(En=0 WiUi) ' then 
all systems (2.3) are strictly geometrically convexity preserving for all Wo,. . . , w, > O. 
Proposit ion 4.7. Let (Uo,...,u,) be a TPk system, k <~n + 1. Let U=span{uo, . . . ,u ,} be the linear 
span of  Uo .... , Un. Then the following properties are equivalent 
(i) The system (4.4) is complete Tchebycheff 
(ii) The system (4.4) is Tchebycheff. 
(iii) There exists a k-dimensional Tchebycheff subspace of  U. 
(iv) For any to < . . .  < t~_l, the collocation matrix 
M(uo, ' " ,Un  ~ 
\ to, . . . , tk-1/ 
has rank k. 
(v) There exists a k-dimensional complete Tchebycheff subspaee of  U. 
Proof. Let us see first that ( i)-( iv) are equivalent. Clearly, (i) implies (ii) and (ii) implies (iii). 
Now we prove that (iii) implies (iv). Let (Vo,...,vk-1) be a Tchebycheff basis of the k-dimensional 
vector subspace of U. Now we may write vj = ~inOCijUi. Let C = (cij)o<~<n,0<j<k-1. Since the 
matrix 
M ( vo,...,vk-l ~ = M ( uo,...,Un ~ c 
\ to,.. ,tk-1 ] \to,. . . ,tk-1 ]
has rank k, the matrix 
( Uo,...,u, ~ 
M \to . . . .  tk_l] 
must also have rank k. 
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Let us show now that (iv) implies (i). We observe first that if 
rankM(U° ' " "u"  ~=k,  Vt0<-- .<tk_ l ,  
to,... ,tk-1 ./ 
then 
rank M 
Since 
Uo,..., ) = j+ l ,  Vto<. . .<t j ,  jE{O, . . . , k -1} .  Un 
\ to,...,tj 
. .~Un/  M u0,. 
to, .., tj 
is TP of maximal rank and 
((o) ..... 
is a Tchebycheff system we obtain from Cauchy-Binet formula applied to 
n n • n 1 g E,:0 u,, E,:I ,u,,..., E;:: ())u, 
to,..., tj 
j = 0 , . . . , k -  1, that 
det M ( ~i~=° ui' ~=l  . . . , tj ~--]~=: (~)ui) 
Therefore 
Finally, 
= :u0 ..... 
\ to . . . .  tj \ 0, 1,...,n ' 
>0, j = 0 , . . . , k -  1. 
(4.4) is complete Tchebycheff and (i) follows. 
it is obvious that (i) implies (v) and that (v) implies (iii). [] 
Corollary 4.8. Let k be a positive integer k <<.n, and (Uo .... ,u~) be a system of nonnegative func- 
tions such that ~i~=o ui > O. Then 
(i) The systems (2.3) are geometrically k-convexity preserving for all Wo ....  ,w~ > 0 if and only 
if (Uo,... ,u~) is TPk+I and there exists a k-dimensional Tchebycheff subspace of span{uo,... ,u,}. 
(ii) The systems (2.3) are geometrically strictly k-convexity preserving for all Wo,... ,w, > 0 
if and only if (Uo,... ,u,) is TPk+I and there exists a (k + 1)-dimensional Tchebycheff subspace of 
span { Uo ..... u, }. 
Proof. (i) It follows from Theorem 4.5 and Proposition 4.7. 
(ii) If all systems (2.3) are geometrically strictly k-convexity preserving for all Wo,... ,wn > 0, 
then they are, in particular, geometrically k-convexity preserving and, from Theorem 4.5, we obtain 
that (Uo,...,Un) is TPk+I. Let ~o = (1,..., 1) T, 0~ 1. . . . .  0~ k E R "+1 be a sequence of vectors such that 
~k is strictly convex with respect o ~o,...,~k-1. Then (4.3) is a Tchebycheff system and so there 
exists a (k + 1)-dimensional Tchebycheff subspace of span{uo ..... u,}. 
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Conversely, if (u0,... ,u,) is TPk+I and there exists a (k + 1)-dimensional Tchebycheff subspace, 
then by Proposition 4.7, 
Ui, iu i ,  • • • ,  Ui 
\ i=0  i= l  i=k 
is complete Tchebycheff. This system has been obtained with the choice ~; = 1, i -- 0, . . . ,  k and 
((/) cTi= 0, . . . ,0,  i ' " "  "" 
By the second part of the statement of Theorem 4.5, the systems (2.3) must be geometrically strictly 
k-convexity preserving for all w0 . . . . .  w, > 0. [] 
For k = n we derive the following consequence. 
• ' ' ,  n 0 Corollary 4.9. Let (Uo, u,) be a system of nonnegative functions uch that ~i=o ui > • Then 
(i) The systems (2.3) are geometrically n-convexity preserving for all Wo,... ,w, > 0 if and only 
if (Uo,..., u,) is a totally positive system and there exists a n-dimensional Tchebycheff subspace of 
span{uo ... .  ,u,}. 
(ii) The systems (2.3) are geometrically strictly n-convexity preserving for all Wo,... ,w, > 0 if 
and only if (Uo,... ,u,) is a totally positive and Tchebycheff system. 
Now let us mention some important examples of bases generating rational curves which preserve 
all convexity properties of the control polygon. The Bernstein basis (B~),... ,B,") of the space of 
polynomials of degree less that or equal to n is defined by 
(:) BT(t ):= (1 - t )n - ' t  ', tE[O, 1]. 
It is well known that (Bg,..., B~) is a totally positive and Tchebycheff system such that ~i~0 B~(t) = 
1. Therefore, by Corollary 4.9, all bases generating rational B6zier curves 
( w0B; w.8 n 
n n ~ ' ' '~  ~ " ,  \ ~i=0 wiBi ~7=0 wiB7 ] Wo,.. w, > O, 
are geometrically strictly n-convexity preserving. 
Let us analyze the convexity preserving properties of B-spline curves. Given an extended sequence 
of knots 
TO = " ' "  = ~k-1  <Tk~ " ' "  ~ n  < "Cn+l = " ' "  = q~n+k, 
k ~<n, such that z; < zi+k, i = 0, . . . ,n,  the B-spline basis 
Ni, k(t) := (zi+k - "ci)[zi,...,zi+k](. - t)k+ -1, i = 0, . . . ,n  
is used for generating B-spline curves of degree k -  1 on [Zk-l,Z,+l]. It is also well known (of. [2]) 
that (No, k,... ,N,,k) is a totally positive basis such that ~;"__0 N~,~(t) = 1. Furthermore, all polynomials 
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of  degree less than or equal to k - 1 are contained in the space S generated by  (N0,k . . . . .  Nn, k), which 
implies that S contains a k-dimensional  Tchebychef f  space. Therefore, all nonuni form rational B- 
spline curves (NURBS)  generated by  the basis 
w0N0, W.Nn, 
~n oWiNik,"  , "n" - - -  , Wo . . . . .  Wn >0,  : , "" ~-~i=0 wiNi, k J 
are geometr ical ly  k-convexi ty  preserving. 
References 
[1] T. Ando, Totally positive matrices, Linear Algebra Appl. 90 (1987) 165-219. 
[2] C. De Boor and R. DeVore, A geometric proof of total positivity for spline interpolation, Math. Comput. 172 
(1985) 497-504. 
[3] J.M. Camicer, M. Garcia-Esnaola and J.M. Pefia, Generalized convexity preserving transformations. Cornput. Aided 
Geometric Des., to appear. 
[4] J.M. Carnicer, M. Garcia-Esnaola and J.M. Pefia, Convex curves from convex control polygons, in: M. Dzehlen, T. 
Lyche and L.L. Schumaker, Eds., Mathematical Methods in CAGD III (Vanderbilt Univ. Press, Nashville, TN, 
1995) 63-72. 
[5] J.M. Camicer, T.N.T. Goodman and J.M. Pefia, A generalization of the variation diminishing property. Adv. Comput. 
Math. 3 (1995) 375-394. 
[6] J.M. Carnicer and J.M. Pefia, Shape preserving representations and optimality of the Bemstein basis, Adv. Comput. 
Math. 1 (1993) 173-196. 
[7] J.M. Camicer and J.M. Pefia, Totally positive bases for shape preserving curve design and optimality of B-splines, 
Comput. Aided Geometric Des. 11 (1994) 635-656. 
[8] J.M. Carnicer and J.M. Pefia, Monotonicity preserving representations, in: P.J. Laurent, A. Le Mrhaut6 and 
L.L. Schumaker, Eds., Curves and Surfaces H (AKPeters, Boston, 1994) 83-90. 
[9] G. Farin, Curves and Surfaces for Computer Aided Geometric Design (Academic Press, Boston, 1988). 
[10] T.N.T. Goodman, Shape preserving representations, in: T. Lyche and L.L. Shumaker, Eds., Mathematical Methods 
in CAGD (Academic Press, Boston, 1989) 333-357. 
[11] T.N.T. Goodman, Inflections on curves in two and three dimensions, Comput. Aided Geometric Des. 8 (1991) 
37-50. 
[12] T.N.T. Goodman and H.B. Said, Shape preserving properties of the generalized Ball basis, Comput. Aided Geometric 
Des. 8 (1991) 115-121. 
[13] S. Karlin, Total Positivity, Vol. I (Stanford Univ. Press, California, 1968). 
